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Summary of Research Effort-  4 .

This report summarizes research activities carried out during the

period October 1, 1977 through September 30, 1978 under AFOSR Grant

No. 77-3 158 . The main concern was with the theory of periodic control

and its applications. In addition, some questions concerning the realization

of linear and nonlinear systems were studied. The attached chronological

Bibliography includes: articles which appeared in journals during the year

[1, 2] , papers which appeared in conference proceedings [3, 4, 5] , papers

submitted for publication [6, 81 , and a supplementary technical report (7]

The following paragraphs review these items along with additional activi-

tie s which have not yet been put into papers.

The principal investigator was Elmer G. Gilbert. Daniel J. Lyons

and Dennis S. Bernstein, doctcra]. students at the University of Michigan,

also worked under the grant and made substantial cor~tributions. A. E.

Frazho, Assistant Professor of Electrical Engineering at the University

of Rochester, worked with Gilbert on extensions of research they had be-

gun in the previous year when Frazho was supported for several months un-

der the grant. Support for Frazho’ s activities during the past year was

limited to travel expenses ($250) so he could come to Ann Arbor to work

with Gilbert (two visits) .

Items [1, 2] report the final publication of papers which were partly

involved with last year ’ s research effort.  These papers were presented
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~~~~~~~~~



T1~~~ ’ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
- -

2

at the 1977 Joint Automatic Control Conference in San Francisco. They

received the 0. H. Schtick Award of the American Automatic Con trol Coun-

cil for being the best papers of the conference.

The article [5) is a revision of a paper which was prepared the year

before . It was to be presented by Gilbert at the Seventh IF~~C Congress

in June at Helsinki. Unfor tunately, a last minute family emergency pre-

vented Gilbert from going. While IFAC Preprint Volumes are readily

available, it would be bette r if the principal results appeared in a regular

journal. In the coming year a new paper will be prepared to meet this

need.

One of the objective s of the year ’ s research was to set right an error

which had been noted [a, b] in an important paper [ci having to do with

?eriodic control. This paper considers second order conditions for opti-

mality and it obtains a frequency domain test (the ir test) which can show

that periodic operation may be better than optimal steady-state operation.

The research in this direction proved successful and is described in [6, 7]

Item [6] gives the main results and has been submitted to the IEEE Trans-

actions on Automatic Control. Item [7] contains supporting proofs which

turned out to be quite lengthy. The principal results are: (1) a i~ test for a

somewhat more general problem than considered in [ci , (2) a statement

of a reasonable auxiliary condition which makes the ir test valid , (3) an

exploration of the relationships between second order conditions for steady-

state optimality and second order conditions for optimality in the dynamic

problem. The approach to (3) is similar in spirit to the exhaustive
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treatment of f i rs t  order conditions given in [d] . The results took more

effort than was expected , but go beyond what was suggested in [b] . More-

over, the tools used in [6 , 7] are capable of generalization. Specificall y,

it should be possible to extend the developments to include constraints

on the control (in a more general way than treated in [e]) and the second

order effects of strong variations in the controls. These directions wiU

be followed in the coming year and should yield stronger, more useful

frequency domain tests.

During the preceding year the application of periodic control to

maximizing the specific range of an aircraft  in cruise was con sidered.

A simplified aircraft  model was used and a specialized algorithm was

developed to optimize the periodic rnotion (see [b, f] for additional detail).

The preliminary results were interesting but numerical d ifficulties were

encountered and truly realistic aircraft  rr~ide1s could not be used. Since

this year ’ a effort on the cruise problem has been considerable, and a

descriptive report has not yet been written, it will be described in some

detail.

The difficultie s and limitations of the previous work led to the in-

vestigation of new technique s for the numerical optimization of aircraft

performance. The result is an optimization program which applies to the

following rather general nondimensional aircraft  model:
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dV -1 -

= (V cos y) ( T - D- s z n y)
- 5 

(1)

= (V
2
cos ~y)~~

1 (L - cos

dh
~~~~= tan y, -

where x = distance along earth’ s surface,

V = aircraft speed,

flight path angle,

h = altitude,

D = D(L, V, h) = drag,

L = lift.

The controls are L and T. In the case of periodic control applied to the

optimization of specific range (SR) the cost is

(2) = 
1 ~~h, V)T ~~ = (SRj~~

0 V cos y

where x 1 
is the period and a- is the thrust specific fuel consumption.

Periodic motion require s

(3) V(0) = V(x 1
), ~(0) = y(x 1), h(0) = h(x 1) .

Zn the algorithm, the altitude and speed are specified as spline functions

and (1) is then used to compute y L, and T. This “backward approach”

allow s the periodicity conditions (3) to be imposed easily, which is not

the case in conventional algorithms where L and T would be specified.
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Also, ( 1) is solved directl y without the complications of an additional

integration algorithm. Constraints on the control and sta te variables

are imposed by penalty functions. Since the sp line s are specified by

their values at the joints, the optimization is over a finite number of

parameters.  The PRAXIS program which does not require derivative

information has been used for the minimizat ion.  The ~~ raU optirniza-.

tion program is very flexible (e. g .,  the joints of the aplines may be

specified a rb i t ra r i ly) and is wri t ten in modula r form. Thus, it is easily

adapted to other performance functions and constraints  and to different

aircraft data . Early experience with the algorithm has been very success-

ful.

The principal application has been to a parametric stud y of the

specific range problem started last  year.  In this problem it is assumed

that: a- is constant, air density is exponential in h, L and D are related

by a classical (subsonic) l i f t -drag pola r , and h < h .  The problem is

fully described by two nondimensional parameters:

1 . D
(4) 5 =

V
a

(5)

where V = the maximum endurance steady-state cruise speed at h = h
a max

g = acceleration due to gravi ty ,

h 8 = scale height of exponential atmosphere.

The Fi gure summarizes the results  of the parametric stud y. It required
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30 separate optimizations of the problem ( 1), (2), (3) . It was assumed that

the thrust  was constrained by 0 < T < T (see Figure) where T =— — max ss

thrust required for optimum steady-state cruise at h = h . Since Jmax ss

is the optimum stead y—state specific range, J J~~ < I implies periodic

cruise is bette r than optimum steady-state cruise. Parameter values

such as & = .03, J3 = . 2 are obtainable by quite ordinary aircraft  (C-l4 1

with h 5000 f t .) .  Bette r value s are possible for  very low drag air-
max

craft with light wing loading. A high reserve of additional thrust (T <<

T ) is also beneficial. Further studies using more realistic modelsmax

for engine fuel consumption and aerodynamic forces will be studied in

the coming year. Also, the periodic control of aircraft for maximum

peak altitude and maximum endurance will be investigated. The same

algorithm will be used; the different problems require only the writing

of new subroutines to handle different data and/or performance functions.

The work begun last year on nonlinear systems and re alization theory

has been carried further .  The results in [g] (see [f] ) have been extended

to cover impulsive kernals and discrete-time systems. These extensions

will be incorporated in a larger version of [gJ which will be submitted

for publication. The nonlinear realiza tion techniçues studied by Frasho

and Gilbert last year were refined considerably. The key tool is an ab-

stract backward shift realization. Partial results are reported in [3, 8]

For discrete-time systems, they show how to go from the specification

of a nonlinear input/output map in terms of its Volterra transfer functions

to a minimal realization in state bilinear form. Furthermore, these ideas
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extend to a wider class of nonlinear input/output maps, e. g. ,  those which

have state affine realizations. These extensions are being pursued by

Frazho.

The investigation of backward shift realizations for nonlinear systems

have stimulated new thoughts on its use in linear systems theory. This

has resulted in a comprehensive view of such topics as: minimal realiza—

- tions, minim al partial realizations, minimal realizations in the infinite

dimensional case, canonical forms. The paper [4] gives some insight

into these matters and emphasizes the partial re alization problem.

Specifically, the restricted backward shift realization is used as a tool ;- 
-

to give a simple, complete characterization of the family of minimal

partial realizations. Gilbert and Frazho intend to write additional papers

in this direction. Perhaps the most significant effect of this research on

S linear systems will be its implications with respect to nonlinear problems. . 
-

—5-5--.—-- 
_,— ,._ _~~~_ _ - - - --_---,- ---- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

—-—---5---



— —-_5 -~~~~ _ — - — 
- 5- - -5-.-

~~~~~~ -~~~~ — -5-— - -~~ —-- -

r ~~~~~ -5-- - —-- -  . .~__. 

- - 
•- •— S -

9

Bibl iography

[I] E. G. Gilbert, “Functional Expansion s for the Response of
Nonlinear Differential  Systems, ” IEEE Trans. Auto. Control,
vol . AC-22, 1977 , pp. 90 9— 921.

[21 E. G. Gilbert, “Bilinear and 2-Power Input-Output Maps: Finite
Dimensional Realizations and the Role of Functional Series, ”
IEEE Trans. Auto. Control, vol. AC-23, 1978 , pp. 4l8~425.

[3] A. E. Frazho, “Internal Bilinear Realization Theory,” Proc.
1978 Conf. Info. Sci. Systems, The Johns Hopkins University,
1978 , pp. 162-166.

[4] E. G. Gilbert , “Realization Algorithms for Linear Systems and
the Role of the Restricted Backward Shift Realization,” Proc. 1978
Cord. Info. Sci. Systems, The Johns Hopkins University, 1978 ,
pp. 145-151.

[5] E. G. Gilbert, “Optimal Periodic Control: A Solution Set Theory
of Necessary and Sufficient Conditions, ” Preprints, Seventh IFAC
World Congress, Pergamon Press, vol. 3, 1978 , pp. 20 57-2070.

[6] D. S. Be rnstein and E. G. Gilbert, “Optimal Periodic Control,
The ir Test Revisited, ” University of Michigan Report, August,
1978 , 18 pages; submitted to IEEE Trans. Auto . Control.

[7] D. S. Bernstein and E. G. Gilbert, “Optimal Periodic Control:
Second Order Necessary and Sufficient Conditions for Optimality, ”
University of Michigan Report , August  1978, 22 pages.

[8] A. E. Frazho, “Shif t Operators and Bilinear System Theory, ”
to be presented at 1978 Decision and Control Conference.

References

[a) E. G. Gilbert, “System Optimization by Periodic Control, ”
• Proposal to AFOSR, December , 1975.

[b} E. G. Gilbert, “System Optimization b y Periodic Control, ”
Proposal to AFOSR, May, 1977.

[c] S. Bittanti, G. Fronza, and G. Guardabassi, “Periodic Control:
A Frequency Domain Approach, ” IEEE Trans. Auto. Control,
vol. AC-18, 1973, pp. 33-38.

—5 —-5- 5-- ~~~ ~~~ 
— — - 

-



. 
~~

— -

~~

---

~

-.-

~~ 
-: — - -

10

[d) E. G. Gilbert, “Optimal Periodic Control: A General Theory of
Necessary Conditions, ” SIA M J. Control Opt., vol. 1 5, 1977,
pp. 717-746.

[e] G. Guardabassi and N. Schiavoni, “ Boundary Optimal Constant
Control Versus Periodic Operation, ” Preprint Part IC, IFAC
Sixth World Congress,  Instrument Soc. America, 1975, pp.
22. 2: 1 - 22. 2:6.

[f] E. G. Gilbert, “System Optimization by Periodic Control, ”
Interim Scientific Report for AFOSR Grant No. 77-3 1 58, Nove z-n-
ber , 1977.

[g] E. G. Gilbert, “Minimal Realizations for Nonlinear 1-0 Maps:
The Continuous-Time, 2-Power Case, Proc. 1977 Gonf. Info.
Sci. Systems, The Johns Hopkins University, 1977 , pp. 308-
316.

I ~~~~~ -~
_

~~~~~- - 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ -

~~~~ ~n-~ : 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ E~ ~-~:i:__ 

~~~~~-_ -


